Recently, the dynamics of non-Hermitian systems composed of subsystems has attracted much attention because they may have exceptional points (EPs). Until now, EPs have been connected with the transition from weak to strong coupling between the subsystems. We show that an ensemble of pumped atoms weakly coupled with a resonator has an EP at a certain pump rate. Moreover, even without a resonator, such a system may have an EP. At the EP pump rate, two eigenfrequencies coalesce, and a special mode arises. At the EP, the dynamics of the eigenfrequencies changes dramatically. Below the EP pump rate, all the eigenfrequencies of the system have negative imaginary parts, which absolute values decrease with an increase in the pump rate. Above the EP pump rate, the absolute value of the imaginary part of the eigenfrequency of the special mode continues decreasing, while the absolute values of the imaginary parts of all other eigenfrequencies increase. Consequently, most of the stimulated emission occurs into the special mode, leading to lasing when the pump rate reaches the laser threshold. We, therefore, refer to the pump rate corresponding to the EP as a lasing prethreshold. We demonstrate that EPs and lasing pre-thresholds occur in systems with and without resonators.
INTRODUCTION
Recently, it has been demonstrated that non-Hermitian systems possess many unusual properties [1, 2] . One of the most interesting features of the non-Hermitian systems, comprised of interacting subsystems, is the presence of exceptional points (EPs) in a parametric space. In such a system, when with a monotonic change of the relevant system parameter, an EP is reached, two or more system eigenstates become linearly dependent and their eigenfrequencies coalesce [3, 4] . As a result, properties of the system change. For example, when an optical parity-time (PT) symmetric system passes through an EP, PT symmetry of the system eigenstates breaks.
Systems with EPs are employed in a number of applications. For example, they are used to enhance sensitivity of laser gyroscopes [5] , to select modes in the multimode lasers [6, 7] , and to achieve lasing without inversion [8] . There are many physical realizations of systems with EPs [8] [9] [10] [11] [12] [13] [14] [15] . They occur in non-Hermitian systems comprised of several coupled subsystems with different relaxation rates. The relevant parameter that determines an EP is the ratio of the coupling constant between the subsystems, κ , to the difference between the relaxation rates in the subsystems, γ ∆ , (see [11, 12] ). At the EP, the transition from weak ( κ γ < ∆ ) to strong (κ γ > ∆ ) coupling regime occurs.
Some particular examples of non-Hermitian systems with EPs are optical PT-symmetric systems [9, 10, 12, [16] [17] [18] . These systems consist of two coupled subsystems with the relaxation rates , the eigenmodes are non-PTsymmetric [12] . Another example of non-Hermitian systems with EPs is a system of a two-level atom coupled to a cavity [8, 11, 19] . Notably, in all these cases, the EP separates the weak and strong coupling regimes in the system [8] .
In a non-Hermitian system comprised of more than two subsystems [11, 12, 20, 21] , an EP is determined by a more complex expression. However, EPs have only been observed in systems, which coupling constants between the subsystems are of the order of relaxation rates in the subsystems [12] .
In this paper, we consider a non-Hermitian system consisting of a large (infinite) number of modes interacting with many two-level atoms. In such a system, the coupling constants between a mode and an atom is much smaller than their relaxation rates. That is, the system is always in a weak coupling regime. We demonstrate that even in this system, EPs arise. This widens the class of non-Hermitian systems, in which EPs can be observed.
More specifically, we consider a conventional multimode laser with an open cavity. We study a 1D model of an ensemble of pumped atoms surrounded by an absorbing environment. An electromagnetic (EM) wave is generated in the volume occupied by an incoherently pumped active medium and is radiated into the environment. We consider systems with and without resonators and focus on their behavior below the lasing threshold. We demonstrate that, although the coupling constants of all modes with the active medium is much smaller than the relaxation rate of the EM field in these modes, there are critical values of the pump rate and relaxation rates at which an EP arises. The transition through the EP with changing pump rate is accompanied by a dramatic transformation of the spectrum of eigenmodes. At pump rates below the EP, all the eigenmodes are similar to the modes of a system without an active medium. When the pump rate reaches the EP, a special mode arises. This mode is a sum of a large number of eigenmodes of the system without an active medium; among all eigenmodes, the special mode has the smallest lasing threshold, and with further increase in the pump rate, the lasing starts in this mode. In the systems considered, the lasing is always preceded by the formation of the special mode. Therefore, the pump rate, at which the special mode arises, can be considered as a lasing prethreshold. We demonstrate that EPs always exists in multimode systems with and without cavities. The obtained results demonstrate the significance of processes occurring below the lasing threshold.
THE MODEL
Following the standard procedure of second quantization, we assume that the laser is placed in a one-dimensional box (waveguide) of size B L . This box plays the role of the environment. For finite B L , to avoid the influence of the waves reflected from the borders of an environment, one should work in the time-domain and consider times smaller than the round trip time of the system. This requires rather cumbersome calculations. To avoid this difficulty, we assume that the environment is filled with a weakly absorbing medium, and B L is much larger than the decay length of the laser radiation in the environment. This is equivalent to the limit B L → ∞ . In this case, we can work in the frequency domain
To describe the operation of the laser and an amplified spontaneous emission (ASE) system, we use the Maxwell-Bloch equations [22, 23] for eigenmodes interacting with atoms [24, 25] and trace the evolution of the eigenmodes with changing pump rate. At the initial time, we select a full set of modes of the system consisting of the empty box and the laser cavity without pumped atoms as eigenmodes.
Since we study an absorbing environment, the eigenfrequencies of the modes have negative imaginary parts. For simplicity, we assume that these parts are the same for all modes, Im
We consider systems having 4 10 N ≥ two-level atoms with the transition frequency TLS ω .
Using the Maxwell-Bloch equations is justified if the number of atoms is large ( 1 N >> ) [22, 23, 25] . Then we obtain the following equations 
is the electric field "per one photon" of the nth mode, and e e g = d r is the matrix element of the dipole moment of a two-level atom. The EM field distribution in the nth mode,
, is determined by the system configuration and is found by solving the Helmholtz equations.
LASING PRE-THRESHOLD IN TOY-MODEL WITHOUT CAVITY
Recently, it has been shown that a cavity-free system (an ASE-system) may have a threshold, above which it radiates coherent light [26] . We begin our consideration with the analysis of a toy-model cavity-free laser consisting of an ensemble of N two-level atoms located in a single point, 0 x = , of the box. The eigenmodes of the box are standing waves with wavenumbers determined by the condition 2 / . As a result, we obtain a closed system of linear differential equations for amplitudes of small fluctuations, n a δ , and the atom polarization, δσ , which can be written in the matrix form:
Now, we trace the dependencies of the eigenfrequencies of Eq. (4) on the pump rate. We begin with studying the dynamics of a finite number of modes of the empty waveguide, whose frequencies lie in the frequency range ( ) The positions of the eigenfrequencies on the complex frequency plane for different values of the pump rate are shown in Fig. 1 . One can see that at a certain pump rate two eigenfrequencies coalesce (see also Fig. 2 ). We refer to this point as the EP. Above the pump rate corresponding to this point, the imaginary part of only one of the eigenfrequencies keeps moving up toward the real axis on the complex plane. Below, we refer to this mode as the special mode. At the same time, the imaginary parts of all other eigenfrequencies move down. Thus, the lifetime of only the special mode increases. Eventually, the eigenvalue of the special mode reaches the real axis [see Fig. 2(b) ], its lifetime becomes infinite, and the stimulated radiation is mainly emitted into this mode leading to lasing. For this reason, we call the pump rate, at which the EP arises, the lasing pre-threshold. In addition to the changing dynamics of eigenfrequencies, an increase in the pump rate results in the change of the polarization of atoms of the active medium [see Fig. 3 ]. Below the lasing pre-threshold, the contribution of the atomic polarizations, σ , in all the eigenmodes increases with an increase in the pump rate. Above the lasing pre-threshold, the contribution of the atomic polarization, σ , in the special mode continues to grow with an increase in the pump rate (see the solid blue line in Fig. 3 ). At the same time, the contribution of the atomic polarizations, σ , in all other eigenmodes decrease (see Fig. 3 ). The increase of the atomic polarization results in a boost of the interaction between the EM field of the modes and the inverted atoms. The energy flow from the atoms into a mode, which is proportional to * ia σ − [27] , also increases. This increasing flow compensates losses in the mode and leads to an increase in the imaginary part of the eigenfrequencies of the respective eigenmodes [see 
INDEPENDENCE OF THE LASING PRE-THRESHOLD ON THE BOX SIZE
In this section, we consider the effect of the box size, B L , on eigenfrequencies 
LASING PRE-THRESHOLD IN THE DISTRIBUTED CAVITY-FREE SYSTEM
In the previous section, we consider the formation of a special mode in a model cavity-free system, in which all active atoms are located at a single point. In a general case, when the active atoms occupy a layer of finite thickness, eigenfrequencies and eigenmodes of the system are determined by the same equations, Eqs. (1)-(3). The main difference is that the coupling constants, nm Ω , depend on atom positions and the equations for the polarization and the population inversion of each atom cannot be reduced to equations for average values of these variables.
The dependence of eigenfrequencies on the pump rate is shown in Fig. 5 . An EP (in which eigenfrequencies coalesce) arises only at a special set of parameters of the system. For an arbitrary thickness of the active layer, the eigenfrequencies do not coalesce [see Fig. 5(a) ]. However, a signature of an EP becomes visible even when an EP is absent. The dependencies of the imaginary parts of eigenfrequencies on the pump rate are similar to the case of the cavity Thus, the signature of an EP plays a role similar to that of the EP discussed above. The pump rate at which this signature appears defines the lasing pre-threshold.
LASING PRE-THRESHOLD IN A DISTRIBUTED SYSTEM WITH CAVITY
In this section, we consider lasing of a system having a layer of an active medium placed in a Fabry-Perot cavity with semi-transparent mirrors. We assume that the layer of the active medium consists of N two-level atoms uniformly distributed in the range from / 2 l − to / 2 l . This layer is placed at the center of the Fabry-Perot cavity with the length cav l l ≥ . The Fabry-Perot cavity, along with the active medium layer, is located in an absorbing uniform environment with the size B cav L l >> .
To find eigenfrequencies and eigenmodes of the system, we use linearized Eqs. (1)-(3). The coupling constants, nm Ω , depend on atom positions and the eigenfrequencies of modes.
Thus, the geometry of the optical system is specified by the coupling constants, nm Ω . We take into account a finite number of eigenmodes of an empty box, whose frequencies are in the same range as considered above: ( )
Positions of the eigenfrequencies in the complex frequency plane at different values of the pump rate are shown in Fig. 6(a) . The EP (the point at which eigenfrequencies coalesce) exists only at certain thicknesses of the active layer and the parameters of the Fabry-Perot cavity. For an arbitrary thickness, eigenfrequencies do not coalesce. However, the EP signature is visible even if the EP is absent. This signature corresponds to the pump rate at which the imaginary part of one of the eigenfrequencies starts rapidly moving up [see Fig. 6(a) ]. Similar to the cavity-free system, the transition through the lasing pre-threshold results in the change in the dependence of the eigenfrequencies of modes on the box size. Below the lasing pre-threshold, the eigenfrequencies of all modes depend on the size of the environment box, B L .
All the eigenfrequencies move to the line the pump rate reaches the threshold, the lasing starts in the special mode.
CONCLUSION
We consider radiation of multimode lasers with open cavity into the absorbing environment. Such lasers model fiber lasers used as sources in optical communication lines [28] . Also, a similar situation takes place in some two-dimensional distributed feedback lasers [29] [30] [31] and diffusive random lasers [32] . We also study the mode structure of one-dimensional ASE systems.
Considering a toy-model, in which all active atoms are placed in a single point, we show that in addition to the ordinary lasing threshold, there is a lasing pre-threshold. At the prethreshold, the spectrum of the eigenmodes changes drastically. This change occurs due to the EP of the spectrum. Below the lasing pre-threshold, imaginary parts of all eigenfrequencies tend to the real axis with a pump rate increase. At the pre-threshold, two of the eigenmodes coalesce forming the EP in which a special mode is born. Above the lasing pre-threshold, the coalesced eigenmodes split again, and the imaginary part of the special mode continues moving up on the complex frequency plane. Imaginary parts of all other eigenfrequencies start moving down, away from the real axis. When the pump rate reaches the lasing threshold, the imaginary part of the special mode becomes zero, so that the lasing occurs in this mode. In a more realistic model, in which the atoms are distributed inside a finite volume, the EP does not always arise. Nevertheless, the signature of the EP is always exhibited. Even though modes do not coalesce, a special mode is formed. With an increase in the pump rate, the imaginary part of this mode approaches zero and, at the generation threshold, the lasing starts. At the same time, above the EP pump rate, imaginary parts of all other modes move down, away from the real axis. Finally, we show that the behavior of a system of distributed active atoms placed in a cavity is similar to that described above. Thus, we demonstrate the existence of the pre-threshold in lasers immersed in a weakly absorbing environment.
Since we consider a weak coupling regime, the appearance of EPs has a different nature compared to the regime of strong-coupling of active atoms with a cavity [14, 33] . In the latter, an EP is due to the strong coupling between the resonator electric field and the atomic dipole moment. This coupling results in the frequency splitting of an interacting resonator mode and an atom. In the case considered in this paper, the Rabi constant of interaction between each mode and an atom is infinitesimal when the volume of the cavity tends to infinity and there is no Rabi splitting of the mode and atomic energies at allowable pumping rates. The reason for EPs in our case is the formation of the special mode, which is the sum of an infinite number of initial eigenmodes and does not depend on the cavity volume. We show that EPs even arise in the cavity-free lasers (ASE), in which the strong-coupling regime does not exist.
APPENDIX. ANALYTICAL EXPRESSION FOR THE LASING PRE-THRESHOLD IN A CAVITY-FREE SYSTEM
In the limit B L → ∞ , we can obtain an analytical expression for the lasing pre-threshold in the toy-model of a cavity-free system, in which all active atoms are positioned at the same point. For this purpose, we find the eigenvalues of the matrix in the right part of the Eq. (4), which is determined by a following equation
In Eq. (A1), the first factor becomes equal to zero when ( ) ( ) 
All parameters in Eq. (A3) are real, and therefore, λ is also real. Note that the real part of the eigenvalue is equal to the relaxation rate of the eigenmode, while its imaginary part is equal to the frequency detuning between the eigenfrequency and the transition frequency of the atom. Therefore, the eigenfrequency of the system is TLS i
When the box size tends to infinity, 2 / 0 B c L π ∆ = → . In this limit, the hyperbolic tangent turns into the step function, ( ) 
is the lasing pre-threshold in the cavity-free system considered. ( Since we consider an absorbing environment, 0 a γ > , (1) th D is larger than (0) th D , i.e., the lasing threshold is preceded by the lasing pre-threshold. This situation takes place, for example, in lasers used as sources in optical communication lines. The role of absorbing environment is played by the optical communication lines, where there are always non-zero losses. If losses in the environment tend to zero, then the lasing pre-threshold and the lasing threshold coincide. This corresponds to a laser radiating in free-space.
